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ELASTIC CONSTANTS AND SOUND VELOCITIES

IV. The Elastic Constants of Plutonium

Sumnary

The elastic constants of two specimens of «-phase
plutonium and of one specimen of 5-phase stabilized pluto~
nium were obtaihed by methods described in an earlier report.l
These data should be good to about one percent. Mathema-
tical expressions are given to account for the effect of a
coating of different material upon the observed resonance
frequencies. The temperature coefficient of Young's modulus

of «-phase plutonium has also been measured.

Introduction

This paper reports the elastic constant values
obtained with three different nickel coated plutonium
specimens. It is only a preliminary report, since work on
specimens of different metallurgical history and treatment

is in progress.

History of Samples

Unless noted differently, all fabricatioﬁ work
was done by CMR=11l. The «-phase speclimen, E-296, was vacuum
cast. The highest temperature reached during the casting
was just above 900°C. The highest pressure, 16 microns,

occurred at about 700°C. After 1t had cooled to room

1 Henry L. Laquer and Willlam E. McGee, LAN'.S '&iéc ;533;;1{9
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temperature, the sample was put into a press, heated in
1-3/4 hours from 30°C to 540°C, and extruded at 17.5 tons
(28,000 psi) in the 8-phase. It wa3d then machined, cleaned,
and nickel coated at 62 % 3°C.

The stabilized &-phase specimen, E-295, containing
three atom percent of gallium, was vacuum cast. The highest
temperature reached in casting was also Just above QOOOC.
The higheat pressure, 12 microns, occurred at about 870°¢.
The casting was annealed for 1/4 hour at 500°C. After
cooling, the sample was put in a press, heated in two hours
from 30°C to 330°C, and extruded at 15 tons (24,000 psi).

It was then machined, cleaned, and nickel coated at 100t 10°c.

The «-phase "thermal conductivity bar", Z-13,
was vacuum cast by CMR-11l., It was pressed to the highest
possible density by CMR-5, A double acting die and a Riehle
hydraulic testing machine were used. The dle temperature
was raised from room temperature to 160°¢ in two hours.
After "soaking" the sample at 160°¢ for 30 minutes a load

of 52,000 psi was applied. The temperature was held between

b o4

JA

A

~

ad

150 to 160°C with the specimen under load, before cooling

under load to 38°C. The major part of the forming was done

with the metal in thefgtphase and some subsequent filling
out to compensate for the S-oC shrinkage. After this, the

sample was stored under refrigeration ﬁor alnosat eight months

s S%Y}‘D
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and then nickel coated at about 70°C.
Table I lists the weights, densities, dimensions,
and coating data for the three samples as reported by the

- groups doing the fabricating.

Technique of Measurement

Thg techniques used in this work are those described
in a previous reportl. The longitudinal and torsional
vibrational frequenclies of the samples E-295 and E-296
were obtained with Rochelle salt crystals. It had been our
intention to re-measure these samples using the electrostatic
. method, but it was found that the coating had deteriorated
to such an extent as to make the work unsafe without special
dry-box instrumentation. With sample Z-13, the longitudinal

resonances were obtained by the electrostatic method, and the

S61

torsional ones with torque bimorph crystals. The crystals
. were attached, at first, with strippable paint, and then,

L e '
2 since this did not prove very satisfactory, with Amphenol

"Coll Dope" #912. Phenyl salicylate was not avallable for

LAK

the earlier work (E-295, E-296) and could not be used with
the specimen Z-13, since its temperature would reach about

50°C when in equilibrium with the measuring equipment.

bxperimental Results

Table II lists all the resonance frequenciegNC{ASS”VEﬂ

. observed with specimen E-296. The numbers Lﬁbbe@ in.the

-
APPROVED FOR PUBLI C RELEASE
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TABLE I
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Plutonium Samples, Specifications

L ar PV IRWT PRI 9N RIED N NS f r Ve aau’ 2o a* 4 ~"m'-&-'-:<m~1 A WA Y
. BE=-206 E-295 Z=13
Composition ot-phase $-phase _o.-phase
) Machined Weight (gms) 431,523 364.996 1681.68
Machined Length (in.) 5.532 5.642 ; 4.830
Machined Diameter (in.) . 560 564 1,171,
Density (bromobenzene) (gms{cc)19.428 15.89, i 19.61
Density (calculated) (gms/cd) 19.33 15.80 19.71
vt i
Cﬁs Weight after cleaning (gms) 429.948 363.301 1678.80
czj- Weight Loss (gms) 1.575 1.695 1.88
) Coated Weight (gms) 432,466 367.967 | 1685.66
320 Goated Length (in.) 5.537 5.648 4.86
asyl - R
t D . . o .
) Coated Diameter (in.) 565 570 1 18°
Nickel Weight (gms) 2.518 4.686 5.86
Nickel Thickness (calc.)(mils) 1,69 3.05 2.02

APPROVED FOR P
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2. 2.2
Obse, Resonances (K ¢ see 0 0
ander Bars §68566 Saue BYordY 200 oo
—v
_funl _mme _Rwm> B4 _Rub _fwne | MaYe aRPme o Me® e
-1 8.086 8.078 8,072 8.074 8,070 8,083 o oon o wee o90 o
L-8 8.002 18004 16.007 16,060 16.033 (16.107) | 16.101 16,060 (16.212)
1-3 24,025 24.014 24.007 23.959 23,938 24,040 ‘ 23.773 23,678 24,021
-4 32,000 32,011 51.984 31,971 31,980 (32.074)
L-5 39,844 39.844 39.818 39,802 39.819 30.848
L-6 47,568 47,568 47,544 47,516 47.520 (e7.638) :
L7 55.218 55,202 55.185 55.143 ss.142  os.18% |
L-8 62,612 62,597 62.560
L-9 69.133 €9.120 69,051
. L-10 76.170 76.156 76,057
L-11 62.150  82.196 82,019
T-1 N 5,361 5,579 8.378
T-2 10.053 10,865 10.856 10.812 10,810 10.878 10,848 10.867
™3 lolerr  lacesr  1s.aae
T-¢ 21.186 21.161 21,302
T-5 26,469 26,454 26,494
Te6 51.667 31.653 31.645 31.805 31.647 31,654 31,788
17 36.760 36,824 38.602 36.799 36.a52 36.664 36,896 36.931 36,880
T-8 ' 42,128 €2.131 42,182 42.276
-9 . 47,416 47.39¢ 47,459
T-10 52,560 52,567 s2.812
-1 57.944 57,918 67.966
T-12 63.224 63,202 63.142 63.191 63,170 63.261
113 66,434 68,416 68,526
_-— 6.948 6.980 6.988
© 1808 iz Iess e asaeo asees ({313 138 1T
w 19,766 19,760 16,738 19,701 19,708 19,789 19,724 19,728 19.768
22.146 22,420 22,625 24.206 24.202
2 24.667 24.578 24.568 24.561 24.521 24,669 24.569 24,576 24,620
g 29,502 29,828 29,495 29,530 20,499 29.85¢ 20,498 29,492 29,550
~ 33.90¢ ss.9o2e s3.632
B i1 g::g:“’} 34.514 34.6%0 38.6800 3¢.832 34.728 3¢.598
39.620 39.610 39.578 39,539 39.675 39.564 39,663 39,509
«2.792 43.488 42.916
44004 44,891 a“u.emn 4,625 44,641 44,748 44,636 44,636 46,648
49.662 49,669 49.687 49,627 49,638 49,720 49.649 49.647 49,738
53.524 53.834
54,570 54,563 54.5¢8 54,519 54537 Be.04ae B4.483 84,301
59.133 59.101 69,055 59.016 59.030 59,151 59.123 89.170 59.101
62,076 62.068 62,023 61.188 61,157 61.656
64,652 64.623 64.573
65,232 65,226 e5.162
69.673 69,590
73,628 73.822 75,734
78,518 78,490 78,366
81.827 81,799 81.602

APPROVED FOR PUBLI C RELEASE
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first six columns were obtained with 3/16 x 3/16 x 5/16
(inches) éxpander bars #85664, weighing .377 and .369 gms.
Those in the last three columns were obtained with 3/16 x 3/16
x 5/16 (inches) torque bimorphs #2JC185, weighing .371 and
«377 gms. It 1is obvious from the Table that many spurious,
probably bending, vibrations are excited by the crystals.
The use of the electrostatic method would thus have been
very desirable, and we intend to do this as soon as our
dry-box instrumentation is complete. A wire cradle support
with the wires at the 1/4 points, i.e., the nodes for the
second and sixth longitudinal and torsional harmonics was
used in all runs except runs 6 and 9, where a rigid center
clamp was used. Table III lists all the observed resonance
frequencies for the stabilized S-phase specimen E-295,
Three runs were made using #85664 expander bars, weighing
«389 and .377 gms. Two runs were made with #2JC185 torque
bimorphs weighing 360 and .369 gms. Again a great number
of bending vibrations are apparent. The center clamp was
employed in runs 3 and 5. The longitudinal and torsional
reduced frequencies for both bars are recorded in Table IV,
and plotted in Figs. 1, 2, and 3,

With the pure plutonium specimen Z-13, the assignment
of the higher longitudinal harmoniecs, although obtained by

the electrostatic method, presented some difficulty, due to

APPROVED FOR PUBLI C RELEASE
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L-9

T-1l
T-2
T=3

T4

T-5
T=-6

T=8

T=2

L J - e L J - . L ] L ]
288 8,8 S,
L 1] [ X X ) [ ] o%e o o L J
~e- S
o 4 - - : : : :
TABL.E III [ ] o0 ® 00 099 o0
E=-295, Observed Resonances (Kc) . i o
Expander Bars #85664 ‘ Torque Bimorphs 2JC185
Run_ 1 Run 2 Run_ 3 Run 4 Run 5
(5.333) 6,103 6,112 (5.328)
12,129 12.141
18,165 16,181 18,202
24,088 24,117 (24.255)
29.895 29,923 29,973
35.561 35,592 (35.722)
40,998 41,086
46,165 (46,296)
50,973
4,013 4,002
7.212 7.829
11,853 11,850
15787 {ig:;gg }
19,733 19,754
23,686 23,739
27.629 27.655
31.536 31,565 32,009
35,445 35.482 35.524
. 2.885 2.R84
84225 84217 8,229 8,242
B8.249 8.253
11,447 11.451 11,446
11,473 11,827 11.476
14,875 B 14,869 14.952
18.415 164411 18,608
21,923 22,2
23,552 23.964
25,038 24,570
26.80
30,195 30.184 30.291
33,7717 33,765 '
374370 37.440
39,382
40.834 40.814 ,
43.399 43.529 !
44,409 44.637 :
47.284
47.485 47,593
50,434
50,680
.o: o;o : 0:0 :.. :..
P : E' . oo ..
*e see coe soe - M
R L IR
e oo o 2 o o
: *e b s L
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TABLE IV

E=-208, E=-295, Reduced Frequencles

. E-296 . E-295 N

Run 1 Run 2 Run 3 Run 4 Run § Run 8 Run 1 Run_2 Run 3
L-1 8,086 8,078  8.072  8.074 8,070  8.083 ? 6,103  6.112
L-2 5054 o952 g:ggﬁ} 8.020 8.017  (8.054)  6.065 8.071
Le3 8,008 8,005 8,002 7.988 7.979 8,013 6.088 6,060 6,087
L-4 8,000 8,003 7.996 7.993 7.995 (8.019) 6,022 €6.029 (6.064)
L=§ " 7.969 7.969 7.964 74960 7.964 7.969 5.979 5,985 5.995
L=6 7.927 74927 7.924 7.919 7.922 {7.939) 5.927 5,932 {5.954)
L=7 7.888 7.886 7.884 7.878 7.878 7.883 5.857 5.869
L-8 7.827 7.825 7.820 5771 (5.787)
L=9 7.681 7.680 - 7.672 5.664
L=10 7.617 7.616 7.606
L-11 7.468 70466 7.456

Run 7 Run 8 Run 9 Run 4 Run 6§
T-l . 54381 5.379 5.378 4,013 4,002
T=2 5,438 5.424 5,434 3.956 3.915
3 (30302 3ies  suaes) 3.951  3.950
T4 54296 5.295 5326 . : 3.949
T=5 5.294 5.291 5,299 3.947 3.951

© Tw=6 5.275 5,272 5.294 3.948 3.957

T=7 5,271 5.276 5.269 35.947 3.951
T=8 5.266 5.273 5.285 3.948 4,001
T=9 5.269 5.266 5,273 3.942. 3.947
T=10 5.258 5257 5.281
T-1l1 5.268 5.265 54271
T«1l2 54266 5,264 5273

T=13 - 5.264 5.263 5.271

3ASv313d O I'ldNd d04 d3N0HddV
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the rapid velocity dispersion caused by the large diameter

of the bar. Table V lists the resonance frequencies observed

in three runs with the electrostatic method, and those observed
. with #2JC185 torque bimorph crystals welghing .350 and .352

grms. The reduced frequencies, Table VI, for Z-13 are plotted

in Figs. 3 and 4. '

An inspection of the Figures shows that the scat-
tefing of the reduced frequencies from smooth curves during
any one run is quite small; however, there are larger

Kan systematic discrepancies between successive runs. These

are probably due to the fact that some measurements were

86

made before the temperature of the specimen had reached a

steady state value, The longitudinal QO(L)'S, i.e., the

- ) .

' frequencies for an infinitesimally thin bar, are obtained
wr as the extrapolated intercept with the ordinate (n=0),
_\\\J

Since 1t is known from previous work1 that the torsional
frequencies obtalned with crystals exhibit a pronounced
anomalous dispersion, the torsional QO(T)'S were taken as a
horizontal asymptote to the observed frequencies., We note
from Fig. 3 that, with the larger specimen (2-13), this
dispersion is less pronounced than with the smaller ones.
Table VII lists these completely uncorrected vo's
together with probable errors, estimated from the scattering

of the points in the Figures.

-
APPROVED FOR PUBLI C RELEASE
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TABLE V

%-13, Observed Resonances {Kc)

Electrostatic Drive

eow [ ] e o
(1Y}
o o o
® o
®® 000 000 000 000 o
L4 ° [ Ld [ d
o, e, [ [ X J L]
“ o ® 20 [
% & Wt o [
ove o ovVe oo o

Torque Bimorphs #2JC185

Run 1 Run 2 Run 3 Run 4
8,041, 8.993, 9,024,
17.987 17.912 17,975,
26,729 26.626 26.725,
34884 340773} 34.914
41,440 41,327 41.491
45,493 45.679
48.314
51,767 51,641 51.820
54,518
58,173 58,025 58,229
62.252
66.296 66.159 66.3680
70.384
74.927 74,792 75.018
78,235
83.466 83,760
8.042
12,037
18.011
23,994
29.970
""" {35.920}
35,913
41,894
47,865
53.842
59,819
65.803
71.784
77.748
8.110 8.167
8.116
13,546 13,589
19.143
24,587 24,706
28,585 28,754
31.507
32,320
33.460
33.554
36.5
47,191
47.295
50.388
51.611
59.056
61.299
65.249
74,584 oty
80,999 80.48Q°¢
(X ]
v @
v e
o’

Run §

6.009
11.992
17.969
23.946
29,925

35.882

41.859
47,825
53.801
59,776
65,766
71,741
77.696
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L-1
L-2
L=3
L-4
L-5
L-6
L-7

Run 1

9,041
8,993
8.909
8.721
8,288

wn

-3

6.471

5.817

5.525

5.352

Run 2

8,993
8.956
8.875
8.693
84265
7.582

o>

6.455

5.803

5.513

5.342

5.217

LAYS

361

TABLE VI

Z-13, Reduced Frequenciles

Run 3

9.024
8,987
8.908
8.728
8.298
7.613
6,902
6.477
6.057
5.822
5.659
5.530
5.414
5.358
(5.215,)
52355

G O N NV O 0 ©

0

B N0 O Lo w»

T-1
T-2
T-3
T-4
T=5
T~6
T=-7

T-9

T=-10
T-11
T-12
T-13

Run 4 Run 5
6.042 6.009
6.018 5.996
6.004 5.990
5.999 5.986
5.994 5.985
5.985 5.980
5,985 5.980
5.983 5.978
5.982 5.978
5.982 5,978
5.982 5.979
5,982 5.978
5.981 5.977

s
[
9]

1
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TABLE VII
Uncorrected Vo's (Ke)
. E-296 ’ E-295 2-13
) % 4 .
. v, (L) 8.02g * .01 6.09, ¢.01 9.030 t ;01
¥,(T) 5.263 ¢ .005 3.945 t,003 5,977 t.002

Actually there is some ambiguity in extrapolating to
n=0 for the data obtained with crystals and it is neces-
sary to be guided by the Bancroft dispersion plot (see p. 26 et seq)

to arrive at the best value for QO(L). This is not necessary

o1

for data obtained by the electrostatic method.,

Temperature Coefficient

The systematic discrepancies between successive

Ams 8

runs led us to study the self-heating of cne plutonium'

i

specimen (2-13). This self-heating offers a very simple
means to obtain approximate values for the temperature
coeflficient of the elastic moduli, The sample was cooled
under tap water, placed on the electrostatic set-up as
qulickly as poasible, and the first longitudinal resonance
frequency was measured simultaneously with the surface
temperature at a point near the middle of the specimen.
An uncalibrated Chramel P« Alumel thermocouple was used,

. The time, temperature, and frequency values are given in

e =L | . REL EASE
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Table VIII. The temperature asymptotically approaches a

value of about 51°C, as shown by Fig. 5. The frequency vs.
temperature plot (Fig. 6) forms a straight line the slope

of which is (60*3) x 10-5/°C. This would be the temperature
coefficient for the longitudinal sound velocity. The tempera-

ture coefficient of Young's modulus 1s then (120 t6) x 10-5/00.

Calculation of Sound Velocities and Elastic Constants

In order to calculate the elastic constants of
the plutonium specimens, we have to correct the do's
listed in Table VII in such a way as to compensate for the
effect of the crystals and of the nickel coating.

a. Crystal Correction:

The relatively large masses of all the plutonium
specimens make the simple m/M and i/I corrections appear
sufficient to account for the loading effect of the crystals.
Since all the crystals used had the same dimensions
(3/16 x 3/16 x 5/16 inches), their moments of inertia
about an axis perpendicular to and through the center of
the square faces are equal to m a2/6, or m(0.476)2/6==0.0578m gm-cmz.
Table IX summarizes the crystal corrections.

b, Coating Correction:

#hereas the crystals only add to the inertis
(kinetic energy) of the vibrating system, the coating adds

to the inertia and to the springiness (potepziaA onergy)
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TABLE VIII

Temperature Coefficient Data

Time Temperature Frequency (L-l)
2:55 p. 20.5°C —
3:05 37.8 9.091; Ke
3:08 39,0 9.085,
3:12 41,0 9.077,
3:15 42,0 9.0714

. 3:20 43,9 9.061,

o

o 33132 47,1 9.040

) 3:47 49.5 9.030

D 0
4300 49.8 9.026,,
4:05 50,0 9.024,

o)
-
-
ol
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TABLE IX

Crystal Corrections

E-296 E-295
M (Bar) 429,948 3634301
m (2 Crystals) «746 «'766
m/¥ (Longit.) .0017, -0021,
I (Bar) 108.735 93,202
m (2 Cryastals) . «748 .729
i (2 Crystals) .0283 .0276
i/1I (Torsion) .0002, -0003,

Z-1l3
1679.80

1859.161
.702
.0265
.OOOO1
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of the system. Birch and Bancroft2 have solved the problem
for the case of torsional vibrations, using the approximate
methods developed by Rayleighs. By the same methods, Foster Evans,
(Alt: Sroup Leader, T-3) has obtained the corresponding
relations for longitudinal vibrations. The derivation of
these relations is given in the Appendix.
In general, if both kinetic and potentiasl energy
of a vibrating system are increased by a small amount, the
frequency, oo, of the undisturbed system is related to the

frequency, v , of the actual system by

N = W(1+a-c) (1)

(o]

where a is a functiom of the additional kinetie energy and
¢ a function of the additional potential energy.

For longitudinal vibrations, ﬁhe coating of
thickness AR at the sldes gives

a = AR/R * p'/p , (2)
¢ =AR/R « B'/E , , (3)

and the coating at the two ends

at' = 2AR/L - ,c’//o . (4)
2 Francis Birch and Dennison Bancroft, J. of Geol., 486,
59-87 (1938)., —
S

Lord Rayleigh, The Theory of Sound, 2nd* ed: fredyifft)s.
Vol. 1, Ch. 4, Dover Publications, New ork, S{19M5J. : :

b te o
e‘e
L ]

[ ]

oo .

e S-SR

s 1
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For torsional vibrations, the’sides give

a = 28R/R - {o'/‘o R (5)
. ¢ = 20R/R « n'/pn , (6)
. and the coating at the two ends

a' = 24R/L - f°'/l° . (7)

To obtain numerical values for these corrections, we take

the following values for nickel from the Handbook of Chemistry

and Physics?:

. ™ E' = 21, x 1011 dynes/cm2
& p' = 7.3 x 1011 dynes/cm2
. ! = 8.90 gms/cms.
The thin nickel layer deposited by carbonyl decomposition
U
.F' may well have properties different from the bulk properties
. - Just listed. This problem still needs to be investigated.
-

All the coating corrections, as well as the quantities
necessary to calculate them, are summarized in Table X.
Table XI lists the sum of the crystal and coating corrections
to be applied to the uncorrected Vo's in Table VII, expressed

both as percentage of frequency and as number of cycles.

4 Handbook of Chemistry and Physics, 30th ed., Chemical

Rubber Publishing Co., Cleveland, Ohio, 1947, pp. 451, 1708.

,
m
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TABLE X

Coating Corrections

: E-296 E-295 Z=13
' AR/R .0060,, .0108,, - 0034,
2AR /R .0120, .0216, - 0069,
2AR/T, - 0006, .00104 .0008,
,g4b . 4581, 5597, - 4538
E'/R 2.16 4,72 2.21
. nt/n 1.77 4,20 1.76
anq .
. O
Cl) Longitudinal ¢ .01305 .05107 .00762
a .0027,, . 0060, .0015,,
o at . 00024 . 0008, .0003g
'!ﬂ Torsional c 0213 09508 0121
o] 6 . 5 ° 4
a 0055, .0121, .0031,
al .0002 .0006 .0003
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TABLE XI

Overall Corrections

E-206  E-205  2-13
‘ Longitudinal: percent -0.826 —4.250 -0.567
cycles =66 -252. -51.
| Torsional : percent -1.529 --'7.'784 -0.862
cycles -E0, -295. -51,

Fortunately, these corrections are small, and, assuming
- that the coating thickness 1s krnown, their magnitude 1s in
doubt by no more than plus or minus two or three cycles,

except for the 8-phase specimen E-295, for which the correc-

861

tions are uncertain by plus or minus ten cycles. However,
it should be remembered that all corrections are proportional
to the coatling thickness AR and, so far, little is known

about its uniformity along the maln axis of the bars or

LANS

even about any circular cross section. Table XITI lists

the corrected Oo's, the sound velocities vg and vt, the
elastic constants E, M, and Polsson's ratio o calculated
therefrom. As a further check of the consistency of the
data, the o calculated from the intercepts is compared with
the one obtalnable from the velocity dispersion curves

according to Bancrofts. In doing this, an assumption is

. ® Dennison Bancroft, Phys. Rev. 59, 588-59% (3081)73 ™ i';
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"TABLE Xu
PLUTONIUM , RESULTS

SPECIMEN | 1)(L) (T) Vo |V E o

0 1 P > Ko | From FROM

(Kc) (Kc) cm/SEC X0 | DYNES / cm®© x 10 INTERCEPTS | DISPERSIO
£-296,(a) | 796, % 01| 518,01 [2.24 | 146 973203 | 412 02 | 0.18 0.20
£-295.5)| 584, £ 02 | 365, 02| 167 | 105 [446503| 174102 | 028 | O:Fa: ;
2413 @) 897, £.0l | 592,%.01|220|1.45 |952+02|4I15% 02 | 0.5 O:

3ASva13d O 1'19Nd d04 d3N0odddV
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made which 1s not necessarily'correct for the higher harmonics;
namely, that the percentage corrections given in Table XI
are the same for all the harmonics studied. Plots of the
‘ normalized frequencies against the Bancroft parameter n d/2L
(for the uncoated specimens) are given in Figs. 7, 8, and 9.
The o ~-phase specimen, E-296, shows some scattering
from a smooth curve probably due to the.crystals which were
used here, The dispersion curve gives a value of Poisson's
ratio of 0.20 +,01 against a calculated value.of 0.18,
. The &-phase specimen E-295 shows similar scattering. Here
we obtain a Poisson's ratio of 0.33 t.0l1 against a calculated
value of 0.28. The «-phase specimen Z-13, with the large

diameter shows the most anomalous behavior in that the

‘561

actual dispersion'curve does not match any of Bancroft's
- &
‘*) calculated ones. We can estimate a value of Poilsson's

ratio of 0.17 % ,03 whereas the calculated value is 0.15.

LAR

Conclusions

Due to the uncertainty involved  in measuring coated
specimens, the data summarized in Table XII can only be
considered as preliminary. However, it may be stated that
pure « -phase plutonium has elastic moduli slightly smaller
than palladium or copper and slightly larger than brass.4
The gallium stabilized d-phase alloy is more plastic (higher

Poisson's ratio) and has elastic moduli aboqt.t?e.saae ad

4 " . 5. H oo .

magnesium or tin.
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APPENDIX

The Effect of a Uniform Coating on the

Regonance Frequencies of Metal Rods

In the following, the effect of a uniform coating
upon the observed resonance frequencies of a homogeneous
metal rod is treated by the approximation methods developed
by Rayleighs. The rod has a density, p, and elastic
modull E and p. The coating of thickness, AR, has a
different density, P" and elastic moduli E! and n'.

In a conservative system, having one degree of

freedom, the kinetic energy, T, is, as long as the displace-

T
Q&D ments, q, are small

0 T =1/2 a 3% . (A-1)
N The gradient of the potential energy, U, will be a force

which for elastic materials will be ‘proportional to the

displacement, if the coordinates are chosen such that

U= 0 for g = 0. Thus
dU/dq = eq (4-2)
- 2
U= 1/2 cq” . (4-3)
. cf. page 23. .o: .E. 5 .-:vo E'. E;z

C . L
APPROVED FOR PUBLI C RELEASE
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Since the system 1is conservative:

T+ U = const. (A-4)

1/2 a&2+ 1/2 cq2 = const. (A-5)
Differentliate:

aqd +cqq = 0 , (A-6)

d*+c/aq=0. (A=7)

This is the wave equatlon and its solution 1s:

q = A cos (nwoti-B), . (A-8)
where
wy = 2, = Ve/a. (A-9)
If now T and U of the system are perturbed in such a way
that |
c—c+hlc ,
and a—ya+dba ,

the resonance frequencies of the system will be given by

2. ¢c+tlc ¢ .§____H1+Ac c
« ~ a+ba _ a 1+ aa/a) ? (A-10)

and one calculates(go (or\)o) from w (or ¥) according to

W 24P = (1+aa/a)lrac/c) ¥ 1+ba/a - ac/c , (A-11)

w, S (1+ sa/2a - Ac/20) . s

sso000
.
(X
eoe
.
.
oo
°
| .
- YY)
ooe
L] * 8 e
YY) °
o. soodes
< [ X ] .005.
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(a) Longitudinal Vibrations

Longitudinal vibrations are described by the

linear displacementE. For the unperturbed case, we have

d*6/at% = E/p + a?6/ax® (A4-13)
with the solution for a free-free bar
€ = s(n,t) cos nmx/L , (A=14)

the s being the displacement from the equilibrium position of

D b one end at any time, t.
.Q£5 We calculate
@ o s
T = SL 1/2 (7R P) dx & (A-15)
. o
@R - o L s o '
. = nTR%0/2 dx (A-18)
- £ S ¢
- . L
o =7TR2,0/2 % ; cos? nnx/L dx (A-17)
2 .2 L
=7nR%/2 s L/n7r [(nmx/2L) - 0 (A-18)
o
=nrLo/a 4% =w/a 3% = 1/2(m/2) $2 (a-19)

To obtain the potential energy U, we have to integrate the

net force on any elementary disc:

a°§ 2

(nR?) (B L2 ax) = 7R

vk—%—\)
area force it area

E s (-n Zn2/12) cos (nmx/L) dx (A-20)

, = - (0®n°%%e/1%) & ax (A-2l)




N
dD
a
D ¢
B
- q
_— the bar:
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L
= k82/2 L/nr [:nwx/BL) - é]

koL 1 (L
4 2

= M/2
2 32

R“B/2L

Qf
o

L .
=7\'RARP' g E‘?' dx
o

= Aal/a = ZKRARP’/’H‘Rz{o

= 2AR/R = ‘o' /,o = m/M

dx2

2.9

L

Tees AV LY

- &L {E(_ k& ax) a¥

2 L 2
ks“/2 % cos® nnx/L dx
o

(%2 3y 2

From equations (1), (3), (19), and (25)

1/2 (2nRaRptax) €2 ,

on a ring of thickness dx is:

e
(2nRAR) (E! -(Lg dx) = 2nRARE' ( )cos anx

(A-22)

(A=-23)

(A-24)

g2 (A-25)

(A-26)
(A-27)

We first consider the effect of the coating at the sldes of

(A-28)

(A-29)

(A=30)

(A-31)

(A=32)

(A-33)

Since equation (33) will be integrated exactly as equation

o oo :... "bﬂg g S!E;
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(21) we can write immediately

AUl/Uz Aal/o = 2AR/R « E'/E (A-34)

The coating at the ends adds only to the kinetic energy of

the system
2 ] '2
AT, = 1/2 (nR ARP) s (A-35)
AT,/T = aay/a = 24Rp'/Lpo = 2m/¥ . (A-36)

If there is a coating of thickness AR at each end, the

combined effect will be just twice that given in equation (36).

(b) Torsilonal Vibrations

Torsional vibrations can be fully described by
considering ©, the angular displacement. The wave equation

in thié case is

a®e/at? = plo d%e/ax? , (A-37)
with the solution for a free-free bar

8 = ¢(n,t) cos nnx/L , ' (A-38)
the ¢ being the angular displacement of one end of the bar
at any time, ¢t.

L 2
T = % 1/2 (mR% & ax) 62 (4-39)
(¢]
- L
= 1/am% ¢° % cos® nmx/L ax (A-40)
O

(mr%Lo/8) 2% = (MrZ/8) ¢2 . -l 1L L L fAedd)
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To obtain the potential energy U, we must consider a ring of

thickness dr. The net torque on this ring is:

2 2
gnrdr - r - §~;§§l pdx==2npr3dr g—g dx (A-42)

area arm dx
shear/unit area

The net torque on an elementary disc is:

R 2 2
(emn &2 ax) r° ap = TB g% 378 4 (A-43)
e igam ot ar s Pt £
4 2
= wug ¢('n2" ) cos 3%5 dx . (A-44)
2 3.4
= AT RN I; 0 dx (A-45)
. 2L
U = (5 5 (k'O dx) 46 (A-46)
- 2 2
= (k'¢°/2) § cos (nmx/L) dx (A~47)
= KL <"L¢ 1 n’r R 4> 2 (A-18)
From equations (1), (3), (41), and (48)
s = MRZ/4 (A-49)
¢ = n°nripn/aL (A-50)

Agaln we consider first the effect of the coating at the

aldes of the bar.

L o .
AT, = (5 1/2 (2nRaRp! dx) R &% (A-51)
L .
=7"R3ARP' 5 é 2 dx o.: .E. E °e° "('AE:§2)

. 8y gLﬁS.JH"D

B O B D BB BB 0-—-1'
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AT,/T = aa,/a=48R/R * o'/p = 2m/M = 1/T (A-53)

al, = 5(21TRAR) . (—-— dx Rp) de , (A=~ 54)
‘ area arTm shear/unit area
3 L 2. 2
_— = 2MR“ORp' (5 - (d°9/ax”) dx de , (A-55)
Ne
a0 AU, /U =ac,/e = 4aR/R + pn'/p . (A-586)
The coating at the ends, again adds kinetic energy only

2 2 2 12
g AT, = 1/2 (mR"ARg') R%/2 ¢° , (A-57)
':.ﬁ AT, /T =as,/a = 2aR/L * p'/o = 2m/¥ = 21/1 . (A-58)
.3 2 2 rr

According to these simple approximations the corrections
should thus have the same fractional value for all harmonies

of a given type of vibration.

K i
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